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BPSK Modulated outpul wawve

Figure 2-15 shows the output phase-versus-time relationship for a BPSK waveform. Logic | inpuw
produces an analog output signal with a 0® phase angle, and a logic 0 input produces an analog
output signal with a 180° phase angle.

As the binary input shifts between a logic 1 and a logic 0 condition and vice versa, the phase of the
BPSK waveform shifts between 0% and 1807, respectively.

BPSK signaling element (fs) is equal to the time of one information bit (fs), which indicates that the
bit rate equals the baud.
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FIGURE 2-15 Output phase-versus-time relationship for a BPSK modulator
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BPSK over AWYGM Simulation
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Result

QPSK 1s a variation of BPSK, and it is also a DSB-5C (Double Sideband Suppressed Carrier)
modulation scheme, which sends two bits of digital information at a time, called as bigits.
Instead of the conversion of digital bits into a series of digital stream, 1t converts them into bit-pairs.

This decreases the data bit rate to half, which allows space for the other users.
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this constraint is removed, and the in-phase and quadrature components are thereby per-
mitted to be independent, we get a new modulation scheme called M-ary quadrature am-
plitude modulation (QAM). This latter modulation scheme is bybrid in nature in that the
carrier experiences amplitude as well as phase modulation.

The passband basis functions in M-ary QAM may not be petiodic for an arbitrary
choice of the carrier frequency f. with respect to the symbol rate 1/T. Ordinarily, this
aperiodicity is of no real concern, By reformulating the expression for the transmitted
signal in a certain way, it is possible to eliminate the time variation of the basis functions
on successive symbol transmissions, and-thereby simplify implementation of the transmit-
ter. In particular, the transmitter is made to appear “carrierless,” while fully retaining the
essence of the hybridized amplitude and phase modulation process. This is indeed the idea
behind the carrierless amplitude/phase modulation {CAP).

Despite the differences between QAM and CAP in their implementation details, they
have exactly the same signal constellations. Accordingly, they are fundamentally equivalent
in performance for a prescribed receiver complexity. In what follows we first discuss QAM
and then CAP. '

# M-ARY QUADRATURE AMPLITUDE MODULATION

In Chapters 4 and 3, we studied M-ary pulse amplitude modulation (PAM), which is one-
dimensional. M-ary QAM is a two-dimensional generalization of M-ary PAM in that its
formulation involves two orthogonal passband basis functions, as shown by

¢.(t) = ‘/% cos(2mf.t), 0=t=T {(6.53)
b-(t) = \/%, sin{2mf.t), 0=t=T (6.54)

Let the ith message point s; in the (¢, ¢-) plane be denoted by (2;d.,;./2, b;d..;,./2), where
dnin 1s the minimum distance between any two message points in the constellation, 4, and
b, are integers, and i = 1, 2, ..., M. Let (dpin/2) = VVE,, where E; is the energy of the
signal with the lowest amplitude. The transmitted M-ary QAM signal for symbol £, say,
is then defined by

E 2E 0=t=T
sp{t) = JZ—TO a, cos(2mft) — f-—,ﬁ- b, sin(2wf.t), B0, =1, %2, ... (6.55)

The signal s, (¢) consists of two phase-quadrature carriers with each one being modulated
by a set of discrete amplitudes, hence the name guadrature amplitude modulation.

Depending on the number of possible symbols M, we may distinguish two distinct
QAM constellations: square constellations for which the number of bits per symbol is
even, and cross constellations for which the number of bits per symbol is odd. These two
cases are considered in the sequel in that order.

OAM Square Constellations
With an even number of bits per symbol, we may write
L=vVM | (6.56)

where I is a positive integer. Under this condition, an M-ary QAM square constellation
can always be viewed as the Cartesian product of a one-dimensional L-ary PAM constel-
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lation with itself. By definition, the Cartesian product of two sets of coordinates (Tepre.
senting a pair of one-dimensional constellations) is made up of the set of all possib]e
ordered pairs of coordinates with the first coordinate in each such pair taken from the firs
set involved in the product and the second coordinate taken from the second set ip the
product.

In the case of a QAM square constellation, the ordered pairs of coordinates Taturally
form a square matrix, as shown by

(-L+1,L—1) (-L+3,L—-1) (L-1,L-1
(-L+1,L — 3) (-L+3,L—-3) (L-1,L~-3
{aisbi}: . . .
(-L+ 1, -L + 1} (-L + 3, —L + 1) (L—=1,-L+1)
(6.57)

& EXAMPLE 6.3

Consider a 16-QAM whose signal constellation is depicted in Figure 6.17a. The encoding of
the message points shown in this figure is as follows:

B Two of the four bits, namely, the left-most two bits, specify the quadrantin the (¢, ¢,)-
plane in which a message point lies. Thus, starting from the first quadrant and pro-
ceeding counterclockwise, the four quadrants are represented by the dibits 11, 10, 00,
and 01,

# The remaining two hits are used to represent one of the four possihle symbols lying
within each quadrant of the (¢4, ¢,)-plane.

Note that the encoding of the four quadrants and also the encoding of the symbols in each
quadrant follow the Gray coding rule.

®2

° e 342 |- ® .
1011 1001 1110 1111

® e diZl- o . |
1010 1000 1100 1101 :

| | [ | ¢, . ° | . . 1
~3df2 /2 df2 3d/2 -3a/2 —df2 0: a2 3d/2

. e 42— e @ |
0001 000a 0100 0l10 !

€))]

° 32 ®

0011 Q010 0101 0111

{a)

FIGURE 6.17 (a) Signal-space diagram of M-ary QAM for M = 16; the message points in each
quadrant are identified with Gray-encoded quadbits. (b) Signal-space diagram of the correspond-

ing 4-PAM signal.
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where the multiplying factor of 2 outside the square brackets accounts for the equy] Con
tributions made by the in-phase and quadrature components. The limits of the Summatiol;
and the multiplying factor of 2 inside the square brackets take account of the SyMmety,
nature of the pertinent amplitude levels around zero. Summing the series in Equatio,
{6.62), we get

212 — 1)E,
3

2M - 1)E, 16.63)
3

Eav =

Accordingly, we may rewrite Equation (6.61) in terms of E,, as

1 3E,
r=2(1 - ) et ) 61

which is the desired result.

The case of M = 4 is of special interest. The signal constellation for this value of i
is the same as that for QPSK. Indeed, putting M = 4 in Equation (6.64) and noting thy
for this special case E,, equals E, where E is the energy per symbol, we find that the
resulting formula for the probability of symbol error becomes identical to that in Equation
(6.34), and so it should.

OAM Cross Constellation

To generate an M-ary QAM signal with an odd number of bits per symbol, we require
the use of a cross constellation. As illustrated in Figure 6.18, we may construct such a
signal constellation with » bits per symbol by proceeding as follows:

¥ Start with a QAM square constellation with »#-1 bits per symbol.
» Extend each side of the QAM square constellation by adding 27~* symbols.
» Ignore the corners in the extension.

The inner square represents 2" ! symbols; The four side extensions add 4 x 27 % = 27!
symbols. The total number of symbols in the cross constellation is therefore 2*7t + 277,
which equals 2% and therefore represents # bits per symbol as desired.

Unlike QAM square constellation, it is #ot possible to express a QAM cross con-
stellation as the product of a PAM constellation with itself. The absence of such a factot-

2;1-—3
message points
- = e
£ 8
= =
- BlEae s B
= & = PN
o {0 - (a3
@0 A o)
0 1 o
] : o @
E. e £
: Eame
2n~3

message points

FIGURE 6.18 Illustrating how a square QAM constellation can be expanded to form a QAM
cross-constellation.



6.4 Hybrid Amplitude/Phase Modulation Schemes 373

ization complicates the determination of the probability of symbol error P, incurred in the
use of M-ary QAM characterized by a-cross constellation. We therefore simply state the
formula for P, without proof, as shown here

| 1 (E .
P, = 2(1 ~ W) erfc( ﬁ‘;) for high Ey/N, (6.63)

which agrees with the formula of Equation (6.61) for-a square constellation, except for
the inclusion of an extra 0.5 bit per dimension in the constellation.” Note also that it is
not possible to perfectly Gray code a QAM cross constellation.

B CARRIERLESS AMPLITUDE/PHASE MODULATION

The passband basis functions of Equations (6.53) and (6.54) assume the use of a rectan-
gular pulse for the pulse-shaping function. For reasons that will become apparent, we
redefine the transmitted M-ary QAM signal of Equation (6.53) in terms of a general pulse-
shaping function g(#} as

sp(t) = apg(t — kT) cos(2nmf.t) — b.g(t — kT) sin(2wf.t), b =0 +1 +2

(6.66)

It is assumed that carrier frequency f. has an arbitrary value with respect to the symbol
rate 1/T. On the basis of Equation (6.66), we may express the transmitted M-ary QAM
signal s(¢) for an infinite succession of symbols as

oo

st = 2 sel(p)
ke (6.67)

o

= Y [mglt — kT) cos(2nfit) — buglt — kT) sin(2wf.1)]

e

This equation shows that for an arbitrary £, the passband functions g(¢t — £T) cos(2af.£)
and g(t — kT) sin{2#f.t) are aperiodic in that they vary from one symbol to another.

How can we eliminate the time variations of these passband basis functions from
symbol to symbol? To answer this question, we find it convenient to change our formalism
from real to complex notation. Specifically, we rewrite Equation {6.67) in the equivalent
form

s(t) = Re{ki (a, + jbr)g(t — kT) exp(;’Z’n’ﬁt)}

) (6.68)
= Re{ > Apglt — kT) exp(i}lw]ﬁt)}
[l
where A, is a complex number defined by
Ak =g, + fbk ' (6.69)

and Re[-} denotes the real part of the complex quantity enclosed inside the braces. Clearly,
Equation {6.68) is unchanged by multiplying the summand in this equation by unity ex-
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pressed as the product of the complex exponential exp(—j27f.kT)} and its comp

lex
jugate exp(j27fkT). We may thus rewrite Equation (6.68) in the new form con

s(t) = Re{ki Agg(t — kT) exp(j2af.t) exp(—2nf.kT) exp(ijﬁkT)}

o (6.70
= Re{ 2 A exp(2mf.kT)g(t — kT) exp(j2mfi{t — kT))} !
k=
Define
Ay = Ay explj2mfRT) (6.71)
g+(t) = g(t) exp(j2mf.1) (6.72)

The scalar Ay, is simply a rotated version of the complex representation of the coordinage
of the kth transmitted symbol in the (¢, &,)-plane. Before presenting an interpretation
of the complex-valued signal g, (t), we assume that the pulse-shaping function g(t)is 4
low-pass signal whose highest frequency component is smaller than the carrier frequmq7
f:- Then following the material presented in Appendix 2, we recognize g_(¢) as the analytyc
signal, or pre-envelope, representation of the band-pass signal g(t) cos(27f.t). To be more
specific, we expand g (f} as

g+(t) = g(t) cos(2mf ) + jg(t) sin(27mf 1)

= p(t) + bl 673
where p(t} and p(t) are defined by
p{t) = gl#) cos(2mf.1) (6.74)
and
ple) = g(#) sin(27rf.1) (6.75)

We may then say that the quadrature (imaginary) component () of the analytic signal
g+(t) is the Hilbert transform of the in-phase (real) component p(t). Note that whereas the
pulse-shaping function g(t) is a baseband function, the in-phase and quadrature compo-
nents of the corresponding analytic signal g, (¢) are both passband functions. Henceforth,
g(t) is referred to as the baseband pulse, and p(t) and p(t) are referred to as passband m-
phase and passband quadrature pulses, respectively.

With the definitions of 4, and g,(t) at hand, we are ready to finally redefine the
transmitted signal of Equation (6.70) simply as

s(t) = Re{ f} Ag.(t — kT)} (6.76)
k= — o

Three important observations are noteworthy from this new formulation of the transmit-
ted signal:

# The transmitted signal s(z) appears to be carrierless.

& Since the formulation of s(¢) in Equation {6.76) is indeed equivalent to that of the
M-ary QAM signal presented in Equation (6.67), the new formulation of s(f) fully
retains the hybridized amplitude and phase modulation characterizing the original
M-ary QAM signal.

> The transmitted signal s(f) represents a symbol-time-invariant realization of this by~
brid modulation process.
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For a prescribed carrier frequency f., the sequence of rotations described in Equation
(6.71) is known. Hence, the receiver need only detect A, in which case we may compute
the corresponding value of A; by applying the reverse rotations as described here:

Ay = A, exp{—2nfkT), k=0,=1, %2, ...

In practice, however, the rotations are ignored because they do not have any bearing on
operation or performance of the hybrid modulation system; application of the rotations
is in fact necessary only when its equivalence to QAM is an issue of interest. Accordingly,
we may ignore Equation {6.71) and redefine the transmitted signal of Equation (6.76)
- simply as

“{t) = Re{ S Al - kT)}

k=—w

_ { S (au+ ibwlpl ~ T) + jbtt - kT))} (6.77)

= 2 [ap(t — kT) — beplt — kT)]

k=—x

where, as mentioned previously, p{t) is the Hilbert transform of p(t). For obvious reasons,
the transmitted signal of Equation (6.77) is referred to as carrierless amplitude/phase mod-
ulation (CAP).°

Properties of the Passband In-phase and Quadrature Pulses

From the definitions of the passband in-phase and quadrature pulses given in Equa-
tions (6.74) and (6.75), we deduce the following properties:

Property 1

The passband in-phase pulse p(t) and quadrature pulse p(t) are even and odd functions of
time t, respectively, given that the baseband pulse g(t) is an even function of time t.

This property follows directly from Equations (6.74) and (6.75).

Property 2

The passband pulses p(t) and p(t) form an orthogonal set over the entire interval (—», ©)
as shown by

f ptp(t) dt = 0 (6.78)

The reason for not restricting the integration interval in Equation (6.78) to a symbol period
T is that the pulses p(¢) and p(¢) are bandwidth-efficient for high-performing CAP systems.
To prove Property 2, we transform Equation (6.78) into the frequency domain by using
the Fourier transform to write

L ple)ple) dr = f P(f)P*(f) df (6.79)

where p(t) = P(f) and p(t) = P(f). The asterisk in P*(f) denotes complex conjugation.
(The frequency function P(f) should not be viewed as the Hilbert transform of P(f);
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rather, following the usual terminology in Fourier analysis, P(f) is simpl)? the Foug;
transform of $(¢).) The Fourier transform P(f) is related to the Fourier transform P( f)l:t
(see Appendix 2) Y

B(f) = — sgnlf)P(f) (6.80)

where sgn(f} is the signum function. The Fourier transforms P{f ).and B(f) have the sam,
magnitude spectrum, but their phase spectra differ by +90 degrees for negative frequeng;
and —90 degrees for positive frequencies. We may therefore rewrite Equation (6.79)

€

]
a3

| vy =i [ ppiveis) satr) af
o (6.81)
=7 [ 1B seatp) af

Recognizing that the magnitude response | P(f)| is an even function of frequency f apq
the signum function sgn(f) is an odd function of frequency f, the integral of Equatig
(6.81) is zero, proving Property 2.
Next, let the passband pulses p(t} and p(z) be passed through a linear time-invarigy
channel of impulse response h{t), yielding the following passband outputs:
u(t) = p(t) K hit) 6.82)
and

@(t) = p(t) J h(t) (6.83)

where the symbol % denotes convolution. We may then formulate the third property.

Property 3
The passband pulses u(t) and 4(t), defined in Equations (6.82) and (6.83), form a Hilbert-
transform pair and are therefore orthogonal over the entire interval (— o, ®) for any hit).

It is this important property that makes it possible for the CAP receiver to separate the
transmitted real and imaginary symbols, 4; and b, given the channel output. To prove
Property 3, we again use the Fourier transform (in a manner similar to Equations (6.79)
and (6.81)) to write

[ wtwiter e = [ visyteis) ag
= J’w (PUOHU = sgn(HYPYHF))* df

oo

= [ iletr) 12 B 2 sents) df
=0

» EXAMPLE 6.4 Bandwidth-Efﬁcient.Spectral Shaping

The CAP signal of Equation {6.77) uses muitilevel encoding via the complex scalar A; for
spectral efficiency. We may further improve the bandwidth efficiency of CAP by using a spe¢-
trally efficient formulation of the baseband pulse g{t). For the selection of g(t), we may draw
upon the raised-cosine family of pulse-shaping functions discussed in Chapter 4.



